It is shown that difficulties encountered with matching the motion of a fluid core to the static deformation of an elastic mantle can be reproduced in a very simplified model. The problem is one of singular perturbation, and can be simply resolved by solving the time dependent problem and recognizing that the limit of frequency going to zero is not one that can be taken without consideration of real fluids, that is fluids with dissipation. Effects of rotation are shown to make qualitative changes in the limit process.
Introduction
The recent geophysical literature contains an elaborate discussion of the proper boundary conditions to be placed upon the motions coupling the mantle with a liquid core. Particular attention has been paid to the notion of a static displacement in the mantle (see Longman 1963 Longman , 1974 Smylie & Mansinha 1971; Dahlen 1974; Pekeris & Accad 1972 among others) . In trying to understand these papers, and from listening to the talks at the recent 10th Symposium on Mathematical Geophysics I was led to try to interpret the difficulties from a simpler point of view. That the difficulties are important can be seen from the fact that they led Longman (1963) to conclude that the core had to obey the Adams-Williamson condition (i.e. had to be adiabatic), Smylie & Mansinha to permitting a discontinuity in radial displacement at the coremantle boundary, and Dahlen (1974) and Chinnery (1974) to conclude that only an Eulerian and not a Lagrangian description of the core motions could be formulated. One's intuition rebels at all of these conclusions.
The papers referred to are hard to penetrate, because their mathematics includes all of the difficulties of sphericity, self-gravitation, fluid compressibility, etc. It is the purpose of this note to show that the essential difficulty and most of the physical phenomena can be reproduced in the simplest geometry from the very elementary properties of a stratified fluid. The model is then elaborated somewhat to explore a few additional complications. A conclusion is, as is so often the case in fluid dynamical problems, that one is dealing with a case of 'singular perturbation' which leads to paradoxes if not properly handled. In the simple plane geometry we will use, there are analogues to most of the phenomena seen in the full spherical cases. We will point out some of these analogues as we proceed.
Models
(a) Constant density fluid
C. Wunsch
Consider two half-spaces with boundary at z = 0. The upper half-space is a homogeneous isotropic solid with Lam6 constants A and p and density ps. The lower half-space is a resting fluid of density po. We assume for the moment that it is incompressible, has constant density, and zero viscosity. To have a specific problem, suppose a ' tidal ' potential U(x, z) = H exp (ikx+ ilz -i d ) acts in the elastic halfspace. (Permitting it to act in the fluid has no dynamical consequences.) Let C, W be the elastic displacements in the x (horizontal) and z (vertical) directions, and let A = U,+W,; u, w are the corresponding velocities in the fluid. The usual elastic solid equations are
(a factor exp ( -i d ) has been dropped) and in the fluid we have
where the last equation expresses the incompressibility condition. All motions are supposed so small that the equations may be linearized. To this order, the Lagrangian and Eulerian formulations are identical.
This planar model could be considered a local approximation to the spherical geometry of the core-mantle boundary, though we will not present a formal derivation, It should clearly be valid ' sufficiently close ' to the boundary.
In the solid put H = d,, W = 4, and we have (A+2p)V4~+p,oZVZQ, = -v2 u.
(6)
The particular solution to (6) is dp(x, z) = H exp (ikx + ilz) / ((A + 2p)(k2 + 1') -ps 02} and a homogeneous solution is
The rotational motion in the solid satisfies
In the fluid, put u = i+bz, w = -@, .
Cross-differentiating equations (3,4) and subtracting, we have vz* = 0 with appropriate solution The boundary conditions to be satisfied at'z = 0 are
(zero shearing stress), (9) AV24+2pFz = -p (continuity of normal stress).
There are three unknown constants, B, C, D, and three conditions. Substituting in, we obtain Hi1
+ 2 p ( (A+2p)(k2+12)-ps a' +q2 B + k 2 C ) = oDpo. (13) If we let o + 0, we obtain (Dl-io) # 0, with B and C determined from (12, 13). There are no difficulties, and the problem is completely solvable. This case is an analogue of the Adams-Williamson core, where the potential density is a constant and Longman showed the problem could be solved completely. The fluid is essentially without any dynamics in the limit a = 0 and poses no constraints on the solid. Since D / -ia is finite (though D itself tends to zero), the fluid is simply displaced to follow the mantle boundary. In the limit, no pressure forces act.
A minor subtlety does occur in the solution in the solid. As a + 0, the coefficients of B, C in equations (12) and (13) become identical, leading to an apparent singularity, which gives infinite values of the functions 4, q. This singularity is due to the presence of a zero frequency root in the Rayleigh wave dispersion relation. Even though 4, q + oc), the physical displacements H , F, remain finite.
(b) Stratified core
We now suppose that a basic density gradient apo/az exists in the fluid. In the spirit of keeping the physics as simple as possible, we suppose that the fluid is Boussinesq (see Phillips 1966) , i.e. the fluid is treated as incompressible, and density fluctuations are ignored in the acceleration terms. That is, one ignores the variations of po (z) in terms of the form po &/at, but keeps them where they give rise to buoyancy forces due to gravity. The approximation is not essential to what follows, but slightly simplifies the analysis. Incompressibility is known to be an excellent approximation even in the Earth's atmosphere for periods exceeding the travel time of an acoustic pulse. So for tidal periods and longer, the atmosphere can be treated with excellent accuracy as an incompressible Boussinesq fluid. Such should also be the case for the core: retaining compressibility is a needless complication.
Because of the density perturbations, gravitational forces are included in the fluid dynamical equations, but they are ignored in the homogeneous solid. The linearized equations are now
- with p o and p o being undisturbed pressure and density. Equation (16) is a linearization of the condition of conservation of density of a fluid particle. p' can be eliminated from the problem by (16), by writing N ( z ) is the Brunt-Vaisala (or preferably, buoyancy) frequency. The boundary conditions at z = 0 remain the same as before. Without proceeding further, the difficulty that has appeared in the models of stratified cores can be seen immediately. Consider equation (16) or equation (18).
If the time dependence is put equal to zero, we have immediately, N Z ( z ) w = 0, and it is obvious that the boundary condition (8) cannot be satisfied unless N ( z ) = 0, i.e. we are forced back to the analogue of an Adams-Williamson core (our case (a)). The reason for this result is obvious: in a stably stratified fluid one cannot distort the lines of constant density relative to the geopotential to follow the deformed boundary and have them remain in place. If one insists upon examining the static limit, one is forced into a paradox. This is the reason, for example, that Smylie & Mansinha (1971) had to permit a displacement discontinuity at the core-mantle boundary. Such a paradox can be resolved by adding a diffusion of density term to equation (16), i.e. treating a real, rather than idealized, fluid. Fluid dynamics is full of paradoxes of steady flows of perfect fluids (see especially Birkhoff (1950) ); they are generally resolved by adding dissipation and/or diffusion.
The limit CJ + 0 can be examined directly in the equations of motion. Introducing the stream function again, we obtain from cross-differentiation of (14, 15) the equation
N2-CJ2
q z z -7 2 -*xx = 0 which is well known in an oceanographic-meteorologic context; it is the internal wave equation (if 101 < N ) . The appropriate solution, when N = constant, for matching to the deformed solid is Explicit solutions are known for several analytic expressions for N ( z ) . No additional physical insight is achieved by using anything more complicated at this point. These are the oscillatory core modes found by Pekeris & Accad (1972) (whose treatment of this particular physical situation seems perfectly correct) and Dahlen (I 974). They exist in the range 0 < CJ < N in both the spherical and planar geometry. Note that as o + 0, the scale of variation in the z direction goes to zero; a$/az + co. No matter how small D becomes, we never obtain the solution (or paradox) that we find from putting o = 0 ab initio in equations (14)- (17); the limit D = 0 is a singular one since CT multiplies the highest z-derivative in the equation of motion. As already noted, if one wants to deal with the limit in this case, one must use the equations of a real fluid of arbitrarily slight viscosity and diffusion. In a perfect fluid, the limit is meaningless.
If the fluid is unstably stratified, i.e. N 2 < 0, the solution (19) becomes exponential and decays away from the boundary. This solution is the boundary layer case discussed by Pekeris & Accad (1972) .
(c) Rotating model
It is of some interest to examine the problem for a rotating ' core ', as rotation (as well as the magnetic field, which will be treated elsewhere) must be included in any realistic model. Furthermore, the static limit exhibits yet a different behaviour than it does in cases (a) Note that now, the limit IT --f 0 is well behaved. The lines of constant density can be maintained in a static deformation following the deformed solid. Again, the interpretation is fairly simple. In a stratified, rotating fluid the density gradients relative to the geopotential can be supported by the Coriolis forces induced by steady flows around the deformed density surfaces. With (r = 0, equation (21) Note once more that in this limit, one obtains a very different solution than is obtained by putting the time derivatives equal to zero in (20) . If N = 0, f Z 0, the limit d + 0 is a regular one. Rotation does not change case (a) above.
Discussion
We have reduced the core-mantle coupling conditions almost to triviality by taking a very simple physical situation. But we have reproduced the essential difficulty and shown how it can be interpreted as a singular perturbation. In the context of the full equations as used by authors who have treated the spherical core, only the details of the mathematics are different. For example, compressibility somewhat complicates the fluid motions, but as long as one is dealing with low frequencies, there is no essential difference. If one insists upon dealing with static deformations, except where a thermal wind is possible, then real, viscous, diffusive fluids must be used. In the rotating case, the paradoxes wili be removed by the presence of Ekman layers at the core-mantle boundary, and in the stratified nonrotating case, Stewartson-type buoyancy layers will appear. In the planar geometry, the analysis of both situations is almost straightforward, and will be treated in another paper along with the effects of a magnetic field.
In somewhat more general terms, one can say that the deformation of a fluid core under an elastic mantle is a singular perturbation problem in either of two limits. For a stratified perfect fluid, the solution for an arbitrarily small, but nonzero frequency, differs qualitatively from the solution when 0 is exactly zero. Similarly, in a real fluid, i.e. one with arbitrarily small dissipation, when the frequency is exactly zero, the solution differs qualitatively from that when the dissipation is precisely zero. Thus, when either the frequency is arbitrarily small, but non-zero and/or the dissipation is arbitrarily small, but non-zero, no discontinuities are required, and all boundary conditions can be met. There are no paradoxes, and as always, one can work in either Lagrangian or Eulerian terms. An arbitrarily small rigidity in the fluid can also serve to remove the zero frequency singularity.
If a solid inner core is present, then some additional complications arise in the case of the sphere that would require modification of the planar geometry to model. If the inner body is very large, so that the fluid core is reduced to a thin shell, then in case (c), a new kind of wave motion appears, known in the oceanographic literature as Rossby waves. The presence of these waves would preclude the simple taking of the static limit as we did in case (c). Their presence could be modelled by letting the Coriolis parameter, f, vary with y . The problem of a deep shell, relevant to the actual core has not been as well explored. In the stably stratified case (b) and case Cc) in the range f >< CT >< N ) discontinuities will appear in the fluid where the characteristics of the hyperbolic governing equation become tangent to the inner core. The problem is again well known in studies of oceanic internal or inertial waves (see Stewartson & Rickard (1969) for example), and can be modelled in our simple geometry by placing a sloping solid boundary somewhere in the fluid. The core then presumably has no normal modes, in the usual sense. One expects that the internal wave modes computed by Pekeris & Accad (1972) would be very heavily damped at the discontinuities, and would no longer represent free oscillations.
